Abstract. We prove in this paper that if (Tn) is a hereditarily hypercyclic sequence of continuous linear mappings between two topological vector spaces X and Y , where Y is metrizable, then there is an infinite-dimensional linear submanifold M of X such that each non-zero vector of M is hypercyclic for (Tn). If, in addition, X is metrizable and separable and (Tn) is densely hereditarily hypercyclic, then M can be chosen dense.
Preliminaries
In this paper we make the following notations and abbreviations: R = the real line, C = the complex plane, N = the set of positive integers, TVS = topological vector space, LCS = locally convex space, HC = hypercyclic, HHC = hereditarily hypercyclic, DHC = densely hypercyclic, DHHC = densely hereditarily hypercyclic.
Let X and Y be two TVSs over the same field K (= R or C) and T n : X → Y (n ∈ N) a sequence of continuous linear mappings. A vector x ∈ X is said to be HC for (T n ) if the orbit {T n x : n ∈ N} is dense in Y . Denote HC ((T n )) = {x ∈ X : x is HC for (T n )}. It is easy to prove that if Y is metrizable and separable, then HC ((T n )) is a G δ subset. The sequence (T n ) is called HC whenever HC ((T n )) is not empty. Clearly, Y must be separable in this case. (T n ) is called HHC (see [An1, Section 3] ) or strongly HC (see [BoS, Section 2] ) whenever every subsequence (T n k ) is HC. We say that (T n ) is DHC whenever HC ((T n )) is dense in X. Finally, we say that (T n ) is DHHC whenever every subsequence (T n k ) is DHC. It is evident that if (T n ) is DHHC, then it is DHC and HHC, and if (T n ) is either DHC or HHC, then it is HC. If X = Y and T : X → X is an operator (= continuous linear selfmapping) on X, then a vector x ∈ X is said to be HC for T if and only if it is HC for the sequence (T n ) of iterates of T . T is said to be HC (HHC, DHC, DHHC) whenever the sequence (T n ) is HC (HHC, DHC, DHHC, respectively). We denote HC(T ) = HC((T n )). It is well known [Kit, Theorem 4 .2] (see also [Rol] ) that no finite-dimensional TVS X supports a HC operator.. The problem of the existence of a HC operator on X when X is infinite-dimensional -posed by Rolewicz [Rol] in 1969-has been recently solved in the affirmative for Banach spaces, Fréchet spaces and certain kinds of TVSs (see [An2] , [Be1] and [BoP] ).
There are at this time a number of known results about the size and the structure of the sets HC(T ) and HC((T n )) if hypercyclicity happens. For instance, if X is a separable TVS, then HC(T ) is a dense G δ (so residual if X is, in addition, Baire) subset of X [GeS, Section 2]. Indeed, if for some vector x ∈ X we have that A = {T n x : n ∈ N} is dense in X, then the set T m (A) is also dense for each m ∈ N, because T (and so T 2 , T 3 , ...) has dense range; therefore each member T m x of A is HC, so HC(T ) is dense. Consequently, every HC operator on a separable TVS is DHC, and a similar argument shows that every HHC operator is DHHC. The structure of HC((T n )) is far from linear; in fact, if X is Baire, Y is metrizable separable and (T n ) is DHC, then X = HC((T n )) + HC((T n )) (see [Gro, Satz 1.4.3] and [BoS, Section 1] ). Nevertheless, if X is a LCS and T is a HC operator on X, then there is a dense T -invariant linear manifold M ⊂ X such that M \ {0} ⊂ HC(T ) (see [Bes] , [Bou] and [Her, Section 4] ). Obviously, M must be infinite-dimensional. From now on, we shall say that a linear submanifold M of X is HC for a sequence T n : X → Y (n ∈ N) whenever M \ {0} ⊂ HC((T n )). None of the two latter results can be extended to a sequence (T n ) of operators. Indeed, let X be a two dimensional Hilbert space, with orthonormal basis {e, f }, (x n ) a countable dense subset of X and, for each n, let y n be a vector of norm n that is orthogonal to x n . Then the sequence (T n ) of operators on X defined by T n (αe+βf ) = αx n +βy n (α, β scalars) (see [GoS, Section 1] ) is HC but HC((T n )) = {non-zero scalar multiples of e}, which is not dense. That is, (T n ) is not DHC. Note that it is not HHC either. This example can be easily generalized to an infinite-dimensional separable Hilbert space, giving also a set HC((T n )) with essentially one HC vector.
We state in our terminology the next nice result by Grosse-Erdmann [Gro, Satz 1.4.2]), which is easy to prove: Let X be an F -space (=complete metrizable TVS), Y a separable metrizable TVS and T n : X → Y (n ∈ N) a HC sequence of continuous linear mappings. If there is a dense subset D ⊂ X such that lim n→∞ T n x exists in Y for all x ∈ D, then (T n ) is DHC. Clearly, under the same hypotheses, (T n ) is DHHC if it is HHC. By the way, Ansari provides in [An1] sufficient conditions for a scalar multiple of an operator T on a Banach space to be HHC. Another sufficient condition for a sequence (T n ) of operators on a separable F -space X to be DHHC (see [GeS, Theorem 2.2] or [GoS, Corollary 1.4] ) is the following: (A) There are dense subsets D 1 , D 2 ⊂ X and a sequence of maps S n : D 2 → X (n ∈ N) (possibly nonlinear, possibly discontinuous) such that lim n→∞ T n x = 0 for each x ∈ D 1 , lim n→∞ S n y = 0 for each y ∈ D 2 and T n S n = identity on D 2 .
A great deal of operators appearing in the literature, such as those of derivation and translation on the Fréchet space of complex entire functions, satisfy the hypercyclicity criterion (A) and, consequently, they are DHHC. In 1996, Montes [Mon] isolated sufficient conditions for an operator (or a sequence of operators) on a Banach space X to have an infinite-dimensional Banach subspace of HC vectors. His main result (see [Mon, Theorem 2 .2 and Remarks 1 and 2]) states that if X is a separable Banach space, (T n ) is a sequence of operators on X satisfying (A) and there is an infinite-dimensional Banach subspace X 0 such that lim n→∞ T n x = 0 for every x ∈ X 0 , then there is a HC infinite-dimensional Banach subspace X 1 for (T n ). The last conclusion remains obviously true if the hypotheses are satisfied just for a fixed subsequence (n k ) of positive integers (see [LeM] ). Some applications of Montes' result can be found in [Mon, Section 3] and [LeM, , in relation to composition operators on H p spaces, compact perturbations of an operator of norm ≤ 1 and weighted backward shifts on sequence spaces. An example of an operator on a Banach space for which all HC Banach subspaces are finite-dimensional is provided in [Mon, Theorem 3.4 ] (see also the remark following Proposition 3.1 in [LeM] ).
The positive and negative results quoted in this section suggest the following natural question: Are there large (i.e., infinite-dimensional or even dense) HC submanifolds for every HHC (or DHHC) sequence T n : X → Y (n ∈ N)? In this paper, we give an affirmative answer and prove that, under smooth hypotheses on X and Y , such manifolds always exist (Section 2). An example taken from Function Theory is supplied in Section 3.
Existence of large hypercyclic linear manifolds
If (T n ) is HHC, the conditions to be imposed for the existence of infinitedimensional HC submanifolds are very smooth and expected: X is infinitedimensional and Y is metrizable. In fact, the hypothesis that (T n ) is HHC forces X to be infinite-dimensional. If, in addition, the space X is metrizable and separable and (T n ) is DHHC, then one can get a dense HC submanifold. This is the content of the two next results. Proof. First, we pick a HC vector x 1 for (T n ). Then we can find a subsequence {p(1, j) : j ∈ N} of positive integers such that
Second, since (T n ) is HHC, the sequence (T p(1,j) ) is HC, so we can choose a vector x 2 ∈ HC((T p(1,j) )). By (1) it is clear that x 2 is linear independent of x 1 , because (T p(1,j) x 2 ) cannot tend to zero, by density. Now choose a subsequence {p(2, j) : j ∈ N} of (p(1, j)) with 2,j) ) is HC. Choose a vector x 3 ∈ HC((T p(2,j) )). By (1) and (2) it is clear that x 3 does not belong to the linear span of {x 1 , x 2 }.
It is evident that this process can be continued by induction, getting a sequence {x N : N ∈ N} ⊂ X and a family {{p(n, j) : j ∈ N} : n ∈ N} of sequences of positive integers satisfying
x N ∈ HC((T p (N −1,j) )) for all N ∈ N (4) and
where (p(0, j)) is the whole sequence of positive integers, G 0 = X and G N = X \ span ({x 1 , ..., x N }) for N ∈ N. Define M = span ({x N : N ∈ N}).
It is clear from (3) that M is an infinite-dimensional linear submanifold of X.
It remains to prove that each nonzero vector of M is HC for (T n ). Fix x ∈ M \ {0}. Then there are finitely many scalars a 1 , ..., a N with a N = 0 such that x = N k=1 a k x k . We may assume that a N = 1 because if λ is a nonzero scalar, then x is HC if and only if λx is HC. Let y be in Y . Let us show a subsequence {T r(j) : j ∈ N} of (T n ) such that
By (4), there is a subsequence (r(j)) of (p(N − 1, j)) such that
But, since (r(j)) is a subsequence of (p (N − 1, j) ), we see from (5) 
Finally, by (6) and linearity, Proof. The technique is very similar to that of the proof of the latter theorem, but there are several small changes. We omit the details of some steps. Choose a dense sequence (z n ) in X and denote by D a distance on X compatible with its topology. As in the proof of Theorem 1, we can get a sequence {x N : N ∈ N} ⊂ X and corresponding sequences (p (N, j) ) of positive integers satisfying (3), (4) and (5), where now G N is the open ball
Observe that this time (3) is possible because (T n ) is DHHC. Define again
Then M is a linear submanifold of X and from (4) and (5) we obtain that each non-zero element of M is HC for (T n ). Finally, the set {x n : n ∈ N} is dense in X because {z n : n ∈ N} is dense and D(x n , z n ) < 1/n → 0 (n → ∞) by (3). Thus, M is also dense and the proof is complete.
It is evident that the conclusions of Theorems 1, 2 hold if we just assume that some subsequence (T n k ) of (T n ) is HHC or DHHC, respectively. We also point out here that the conclusion of Theorem 2 is false if it is just assumed that (T n ) is HHC: for instance, Herzog [Hez, Section 4] has shown that there is a sequence (a n ) ⊂ D with |a n | → 1 (n → ∞) such that the sequence
is not DHC (so there can be no dense HC manifold). Nevertheless, it is HHC by Theorem 3 of [Hez] 
An example
In this section we show that certain sequences of infinite-order linear differential operators with constant coefficients on the space of holomorphic functions on a Runge domain of C N (N ∈ N) have dense HC manifolds. We refer the reader to [Be2] for notations and methods. The proofs of the theorems of this section are very similar to some of [Be2] , so they will be omitted.
A domain (= nonempty connected open subset) G ⊂ C N is said to be a Runge domain if each analytic function on G can be approximated uniformly by polynomials on every compact subset of G (see [Hor, ). When N = 1, the Runge domains are precisely the simply connected domains. Denote by H(G), as usual, the Fréchet space of analytic functions on G endowed with the compact-open topology. For 1 ≤ j ≤ N let D j denote complex partial differentiation with respect to the jth coordinate. A multi-index is an N -tuple p = (p 1 , ..., p N ) of nonnegative integers. Denote ..., z N ). An entire function Φ(z) = |p|≥0 a p z p on C N is said to be of exponential type whenever there exist positive constants A and B such that |Φ(z)| ≤ Ae B|z| (z ∈ C N ). We say that Φ is of subexponential type whenever, given ε > 0, there exists a pos- an operator on H(G). If Φ is of exponential type, then the latter series defines an operator on H(C N ). Note that for N = 1 we have the following special cases: Φ(D) is the differentiation operator f → f if Φ(z) = z and, for fixed a ∈ C \ {0}, Φ(D) is the translation operator f (z) → f (z + a) if Φ(z) = e az . Next, we furnish an eigenvalue criterion in order that a sequence (T n ) can be DHHC. Its statement and proof are similar to Theorem 7 of [Be2] . Recall that, in a TVS, a subset is said to be total whenever its linear span is dense. If T is an operator and e is an eigenvector, then we denote by λ(T, e) its corresponding eigenvalue. Trivially (P) implies (P ) and (Q) implies (Q ). Easy examples can be found showing that (P) and (Q) ((P ) and (Q ), respectively) are not comparable. We only sketch the proof of our final result (Theorem 4): By Theorem 2, it suffices to show that (Φ n (D)) is DHHC. But this can be done by applying Theorem 3 on suitable families A and B made with exponentials related to A and B or with polynomials, in the same way as Theorems 8, 9 of [Be2] are derived from Theorem 7 of the same reference.
Theorem 4. Assume that G is a Runge domain of C
N and Φ n (n ∈ N) are entire functions on C N . a) Suppose that every Φ n is of subexponential (exponential, resp.) type and the sequence {Φ n } satisfies either (P) or (Q). Then there is a dense HC submanifold of H(G) (H(C N ), resp.) for (Φ n (D)). b) For N = 1 the statement of a) still holds if (P) and (Q) are respectively changed to (P ) and (Q ).
